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Let f(x) = Cl=, ctxt be a polynomial of degree n with nonnegative integral 
coefficients, and let ‘?Iz a, < a, < . . . < an be the set of integers of the form 
al = f(i) that belong to the interval [l, N]. Let 8: bl < b, < . . . < bz be an 
additive completion of Ic for the interval 11, N]. Then given l > 0, we have 
kl > (1 + (n - 1)/2ns - l ) N for sufficiently large N. A similar result is also 
proved under more general conditions, which suffice for the verification of 
Hanani’s conjecture. 
1. INTRODUCTION 
Let 21 : al < a2 < ... < a, be a set of positive integers in the interval 
[l, N]. The set 23 : b, < b2 -=c .-. -=c bl of nonnegative integers is called an 
additive completion set of % if every integer in the interval [I, Nj can be 
expressed in the form ai + bj . Trivially this implies 
kl 3 N. 
Let ui = P; then k = [ ~‘771 and Erdbs asked in Ref. [l] whether 
lim inf kl/N > 1. This question was answered in the affirmative by Moser 
in Ref. [3]. He proved that for N sufficiently large, 
kl > 1.06N. (1) 
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In this paper we will improve the inequality (1) and generalize it to the 
effect that if ai = Cy=, c$, where n > 2, ci are nonnegative integers, and 
c, > 0, then kl > N. More precisely, we will prove the following 
THEOREM 1. Let % : a, < a2 < ... < ak be the set of all integers in the 
interval [l, N] of the form 
n 
ai = 1 ctit, 
i=O 
where n > 2, ci are nonnegative integers, and c, > 0. Let 
23 : b, < b, < a*. < b, 
be an additive completion set of ‘$I. Then given any E > 0, we have for 
suficiently large N: 
kl > 
( 
1 + + - l ) N. 
It follows from Theorem 1 that if ai = P, then 
kl >, 1.124N 
for N sufficiently large, which is an improvement of (1). 
In Ref. [2], Erdbs mentioned the following conjecture of Hanani: If 
‘?I and 8 are infinite sequences with counting functions A(N) and B(N), 
respectively, and if every positive integer is of the form ai + bj , where 
a, E 2l and bj E !B, then lim sup A(N) B(N)/N > 1. We will prove a special 
case of Hanani’s conjecture in the following: 
THEOREM 2. Let 2l be an infinite sequence a, < a2 < ... with the 
countingfunction A(n). Let A(N) = k andsuppose that 8: b, < b, < *a* < bt 
is an additive completion set of a, < a2 < a.* < ak for the interval [l, m. 
Suppose also that there exist real numbers p > 2, (T > 1, and 0 > 0 such 
that given E > 0, the following inequalities holdfor N sujiciently large: 
A(N)-A(N-b)&$(l- 4 - 8, 
(2) 
(3) 
where b is a nonnegative integer. 
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Then, given any 6 > 0, we have for N suficiently large: 
kz a (1+ 2p(of--*:+ 2 - 6) N.
Thus under assumptions (2) and (3) Hanani’s conjecture holds since 
obviously A(N) B(N) > kl. The conjecture is not true in general (Ref. [4]). 
Since Theorem 1 follows from Theorem 2, we begin with a proof of the 
latter. 
2. PROOF OF THEOREM 2 
The basic idea is essentially due to Moser [3]. We make use of the fact 
that for every bj and every i such that 
N - bj < ai < N, 
we get a number of the form ai + bj outside the range [l, NJ. Thus 
ai + bj will represent, beside the numbers 1, 2,..., N, 
il [A(N) - A(N - b,)] 
numbers larger than N. Thus, in view of (3), given E > 0, we have for 
sufficiently large N: 
kl 3 N + j$l [A(N) - -W - &)I (4) 
where B = & bi . 
On the other hand, let A = &, ai and let C = cf, ‘& (ai + bj). 
Then it is easy to check that 
IA + kB = C. 
Since ai + bj represent, beside the numbers 1,2,..., N, 
(5) 
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numbers larger than N, we have for sufficiently large N: 
c 2 f i + i [A(N) - A(N - bi)] N 
i=l j=l 
3 N2/2 + k(1 - E) B/o - I8N. 
Thus, for large N, we get in view of (5), (2), and the fact that k + co when 
N+ co: 
Bk > +Nz + (1 - C) Bkja - Z0N - klN(1 + ~)/p, 
Bk 
i 
a-l+E 
(3 1 
> ; N2 - F (1 + 2~). 
This inequality, together with (4), yields for sufficiently large N: 
N(1 - C) Wl + ~1 8z 
klW+2(u-l++E)---- 
PC”-11 ’ 
kz i1 + p(u !- 1) + et) 2 N (1 + 2(u: ,) - + 
kl>, lf i 
P--2 
2p(a- 1)+2 - s) N 
as required. 
3. PROOF OF THEOREM 1 
Theorem 1 will follow from Theorem 2 once we show that (2) and (3) 
hold with p = n + 1 and 0 = 12. Indeed 
and using the well-known inequality: 
i it < s + kt, 
i=l 
we get for sufficiently large N 
kn+l + O(k”) < --$+ (1 + 4. 
Thus, (2) holds with p = n + 1. 
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Finally, let A(N - b) = S. Then c,kn < N, c,sn d N - b and 
A(N)-A(N-b)=k-.s+$-$ 
>&-(N-W 
‘12 nc,kn 
>$+;(I---$). 
n 
But N < CF=, c,(k + l)t and therefore there exists a nonnegative real 
number 0 such that 
Thus: 
N < c,kn + t?nc,k+l. 
A(N)--(N--b) >$+$(l - 1 +) 
bk e =--. 
nN 
Thus (3) holds with o = n and the proof is complete. 
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